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Abstract 

We compute semi classical three-point correlation function, or structure constant, of two 
finite-size (dyonic) giant magnon string states and a light dilaton mode in the Lunin- 
Maldacena background, which is the 7-deformed, or TsT-transformed AdS^ x 5*^, dual to 
N' = 1 super Yang-Mills theory. We also prove that an important relation between the 
structure constant and the conformal dimension, checked for the Af = 4 super Yang-Mills 
case, still holds for the 7-deformed string background. 
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1 Introduction 



As is well known, the correlation functions of any conformal field theory can be determined 
in principle in terms of the basic conformal data {Ai,Cijk}, where Aj are the conformal 
dimensions defined by the two-point correlation functions 

oKx.nix,)) = r^r^i^ (1.1) 



and Cijk are the structure constants in the OPE 



Thus, the determination of the initial conformal data for a given CFT is the most important 
step in the conformal bootstrap approach. 

In view of the AdS/CFT duality between strings on AdS^ x and Af = 4 super 
Yang-Mills (SYM) theory, the correlators of single-trace conformal primary operators on the 
gauge theory side, in the planar limit, should be related to the correlation functions of the 
corresponding closed-string vertex operators. The conformal dimension A can be expressed 
in terms of the conserved charges and the string tension by the marginality condition on the 
vertex operator. 

In particular, the three-point functions of two heavy operators and a light dilaton operator 
can be approximated by a supergravity vertex operator evaluated at the heavy classical string 
configuration: 

{VHiXi)VHix2)VL{x3)) = Vl (0:3) classical- 

For |xi| = 1x2! = 1, X3 = 0, the correlation function reduces to 

{Vj,ix,)VHix,)V,m = T-^fr^. 

\Xl — X2\ " 

Then, the normalized structure constants 

^ _ C123 

can be found from 



C3 = CaVl(O) classical, (1-3) 
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where ca is the normahzed constant of the corresponding hght vertex operator. 

Recently, there has been an impressive progress in the semiclassical calculations of two, 
three, and four-point functions with two heavy operators [2]-[22]- Almost all of these achieve- 
ments are in the framework of the duality between string theory in AdS:^ x and A/" = 4 
SYM. An exception is the paper [22], considering the case of strings on Lunin-Maldacena 
background [23], dual to A/" = 1 SYM in four dimensions. In particular, the three-point cor- 
relation function of two infinite-size giant magnons and the dilaton has been obtained there. 
Our aim here is to generalize this result to the case of finite-size dyonic giant magnons. 



2 Three-point correlation function 

The bosonic part of the Green-Schwarz action for strings on the 7j-deformed AdS^ x 5*^. [2 
reduced to Rt x can be written as (the common radius R of AdS^ and S^. is set to 1) 

S = -'^ J dTda{^r'[-dJdtt + d,r,dbr, + Gr^da(p,dt<f)i (2.1) 
+ Grlrlrl {^ida(pi) (7i<9b0j)] 

-2G e"^ {l3rlrlda(t)idb(t)2 + lirlrlda(t)2dbh + l2rlrlda(t)3db(pi) ] , 
where T is the string tension, 

^ab 

the worldsheet metric, (pi are the three isometry angles 

of the deformed Si , and 

3 

r. = 1, G = l + 73'^i'^2 +7i'^2^3 +72'^i^3- (2-2) 

i=\ 

The deformation parameters 7^ are related to 7^ which appear in the dual gauge theory as 
follows 



27rT7i = v^7,. 



When 7j = 7 this becomes the supersymmetric background of [23], and the deformation 
parameter 7 enters the M = \ SYM superpotential in the following way 

W o^tr (e^''^$i<l>2$3 - e-^^^^i^g^a) . 

This is the case we are going to consider here. 

We restrict ourselves to the subspace Rt x S^, parameterize (see fl2.2p ) 

ri = sin 9, r2 = cos 9, 
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and use the ansatz [25] 



t{T,a) = KT, e{T,a) = e{C,), (j)j{T,a) = UjT + fj{^), 
^ = aa + /3t, cjj, a, /9 = constants, j = 1,2. 



(2.3) 



Then the string Lagrangian in conformal gauge, on the 7-deformed three-sphere, can be 
written as (prime is used for d/d^) 



r = (^2 _ 



a 



(a2-/32)2 



G {ool sin^ e + ul cos' 6) + 2a^G sin' 6 cos' o"^'^^ "^'^^ 



a2 -/32 



(2.4) 



where 



G 



1 



1 + 72 sin^ 9 cos2 9 



The equations of motion for /i 2 following from (12.41) can be integrated once to give 



f2 
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where Ci^2 are integration constants. 



Ci 
sin^^ 

G2 
cos2 9 



+ /3uJi — 7 {auj2 — 7C1) cos' 9 
+ I3u2 + 7 {aui + 7C2) sin^ 9 



(2.5) 



Replacing (12. 5p into the Virasoro constraints one finds the first integral 9' of the equation 
of motion for 9 and a relation among the parameters 



9'- 
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(a2 _/32)2 



(a' + P')K' 



Cf 

sin^ 9 cos2 9 



C'2 



— {aui + 76*2)^ sin^ 9 — {au2 — jGi)' cos' 9 
cuiCi + UJ2C2 + (3k' = 0. 



(2.6) 



(2.7) 



Now, we introduce the variable 



X = cos' 9, 
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and the parameters 



—, « = FT' ^ = ?r 



K 



C2 



fii = ( 1 + 7 



^2 = c<;2 ( 1 - 7-^^ 



auJi J \ au2 

By using them and (12.71) . the three first integrals can be rewritten as 



where 



fii 1 
a 1 — f ^ 
ill 1 
a 1 — f ^ 



vW - uK 
1-X 



f (1 — 7K) — 7-ux 



K 

uvil - 7/^) - -iv^W + 7(1 - x) 

X 



a 1 - f 2 V x(l - X) 

2 - {I + v'^)W - 



Xp ~l~ Xm ~l" Xn 
XpXm ~\~ XpXn ~l" XmXr. 



1 - (1 + f + {yW - uKf - 
^ 1-m2 
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We are interested in the case of finite-size giant magnons, which corresponds to 



(2i 



(2.9) 



< Xm < X < Xp < 1, Xn < 0. 



Replacing (12. 8 p and (12. 9 p in (12. 4p . we find the final form of the Lagrangian to be (we set 
a = Qi = 1 for simplicity) 

Cf = ^ [2 - (1 + v'^)W - 2^K -2(1- jK -u(u- ^uK + ^vW)) x\ ■ 

1 — 

To obtain the finite-size effect on the three-point correlator, we use (II. 3p and the explicit 
expression for the dilaton vertex 

= (n + [z-^ {d+x^d^x^ + d+zd^z) + , (2.10) 

where 

= 1 {x^xm + - 1) , y^ = ^ + z' + l). 

2z 2z 
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^--'^ "^""^ / da{K^ + Cf). (2.11) 



Here, coordinates on AdS^, while Xk are the coordinates on S^. This leads to 

[m [19] (ir = Te) 

CI = d I " ''^ / ^ 

^ ^ i-oo COsh'^(Kre) 

Performing the integrations in (12. lip , one finds 



(2.12) 



[((1 - u'){l - ^K) - ^uvW) v/^;^E(l - e) 

+ {{W{1 - ^uvxn) - (1 - 7^) (1 - (1 - u')xn)) K(l - e))] , 

where K(l — e) and E(l — e) are the complete elliptic integrals of first and second kind, and 
the following notation has been introduced 



X.m Xn 
Xp Xn 



(2.13) 



This is our exact result for the normalized coefficient in the three-point correlation 
function, corresponding to the case when the heavy vertex operators are finite-size dyonic 
giant magnons living on the 7-deformed three-sphere. 

For further purposes, let us also write down the exact expressions for the conserved charges 
and the angular differences 



Ji = 

J2 = 



27rJi _ 2 
2nJ2 _ 2 



Vl - \/X'p - Xr. 



"^-Xn-v{vW -uK) 

K(l - e) - ^Xp - XnE(l - e) 

V Xp Xn 
UXn - VK 



a/Xp - Xi 



:K(1 - e) + uJxp - XnE(l - e) 



(2.14) 
(?.15) 
(2.16) 



Pi = A01 = 0i(L) -0i(-L) 
vW - uK 



;i - Xp)\/Xp - X: 



Xp Xni I 



(2.17) 



1 - Xp 



1 - e - [t; (1 - 7K) + 7MXn] 



K(l 



a/ap Xji 



-lu^Xp - XnE(l - e) L 
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P2 = A02 = ML) - M-L) = r. o (2-1^ 



u 



X I ^ _ n A - ^1 1 - e") - [ni; + 7t; {vW -uK)~^{\- Xn)\ 

I Xn \ Xp / y/Xp Xn 



-1\/Xp - XnE(l -e) 

Here, Ji^2 are the string energy and angular momenta, while 0i^2 are the isometry angles 
on the 7-deformed three-sphere. 



3 Small e expansions 

For the case of the dilaton operator, the three-point function of the SYM can be easily 
related to the conformal dimension of the heavy operators. This corresponds to shift 't 
Hooft coupling constant which is the overall coefficient of the Lagrangian [5]. This gives an 
important relation between the structure constant and the conformal dimension as follows: 

Cl = ^4yA9AA. (3.1) 

We want to show here that this relation holds for the case of finite-size giant magnons 
(J2 = 0), assuming that l\ = E — J^-, and considering the limit e — )• 0. To this end, we 
introduce the expansions 

Xp = Xpo + iXpi + Xp2 log(e)) e, 

Xm = XmO + iXml + Xm2 log(e)) €, 
Xn = XnO + iXnl + Xn2 log(e)) e, 

V = vo + {vi + V2 log(e)) e, (3.2) 
u = Uo + {ui + U2 log(e)) e, 
W = Wo + {Wi + W2log{e))e, 
K = Ko + {Ki + K2\og{e))e. 

A few comments are in order. To be able to reproduce the dispersion relation for the infinite- 
size giant magnons, we set 

XmO = XnO = Ko = 0, Wo = 1. (3.3) 
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In addition, one can check that if we keep the coefficients Xm2, Xn2, W2 and K2 nonzero, the 
known leading correction to the giant magnon energy-charge relation [26j will be modified 
by a term proportional to J^. That is why we choose 

Xm2 = Xn2 = W2 = K2 = 0. (3.4) 

Finally, since we are considering for simplicity giant magnons with one angular momentum, 
we also set 

uo = 0, (3.5) 
because the leading term in the e-expansion of J'2 is proportional to uq. 

By replacing (13. 2p in (12. 9 p and (I2.13p . and taking into account (13. 3p . (13. 4p . (13. 5p . we obtain 

(3.6) 



Xpo — 


1 - < 


Xpi = 






Xp2 = 


-2VoV2, 


Xml ~ 





voJii - vir - - vi) - 2(1 - vi)v, 



2(1 -t^g) [ 

2(1 - vi) 
l-vl 

The other parameters in (13. 2p and (13.61) can be found in the following way. First, we 
impose the conditions J2 = and pi to be independent of e. This leads to four equations 
with solution 



_ ^ov/(l - vlY - AKIH - vl) (1 - log 16) 
~ 4(1 -t;2) ' 



V2 
Ml 
U2 



4(1 - vi) 
Kivo log 4 



where 



Pi .0 
t;o = cosy. (3. 
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Next, to the leading order, the expansions for J\ and p2 = 27rn2 (^2 G Z) give 



e = 16 exp ( —2 — 



sm 



^i = ^sin3^sin$, $ = 27r(r22--^Ji). (3.9) 



Now, we consider the hmit e — )■ in the expression fl2.12p for the structure constant in 
the 3-point correlation function, by using (13. 2p . (13. 3p . (13. 4p . (13. Sp . (13. 6p . (13. 7p . and obtain 



3^(l-i;2)'/' 



4 + 4t;^(^l -7iri(l -log4) e) 



(3.10) 



- (^477^1 (1 - log 4) - sj{\~vlY~^Kl{\-vl) (1 - log 256)^ e 
^V(l-^o')^-4i^?(l-^o') + 27i^i(l - t^o')') eloge 



+ J(l - t;2)4 - 4^2(1 - ^o) elog(16 e) 



According to (13. 8p . (13. 9p . the above expression for CI can be rewritten in terms of pi, J7i, as 

-2 ^ 



^ 3^2 



1 — 4 sin — l^cos $ + jTi esc — cos $ — 7j7i sin $ ) e 



(3.11) 



In order to check if the equality (13.11) holds for the present case, let us now consider the 
dispersion relation of giant magnons on TsT-transformed AdS^ x 5*^, including the leading 
finite-size correction, which is known to be [271 12H] 



\f\ 

E-Ji = — sin(p/2) 

71 



1 - 4sin^(p/2) cos $ exp ( -2 



27rJi 



VAsin(p/2)/. 



(3.12) 



Taking the A derivative of (I3.12p . one finds 



Aa.A = — sm- 



1-4 sin^ I ^cos $ + jTi CSC | cos $ - 7J7i sin $ j e ^ 5 



(3.13) 



Identifying p = pi, and comparing (13. lip with ( I3.13p . we see that the equality (13. ip is also 
valid for the 7-deformed case. 
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4 Concluding Remarks 



In this note, we have derived the structure constant in the three-point correlation function 
of two finite-size (dyonic) giant magnon string states and a hght dilaton state in the semi- 
classical approximation, for the case of 7-deformed (TsT-transformed) AdS^ x S^, dual to 
A/" = 1 SYM, arising as an exactly marginal deformation of A/" = 4 SYM. We have confirmed 
our result by showing that the important relation between the structure constant and the 
derivative of the conformal dimension with respect to the t'Hooft coupling A still holds for 
the 7-deformed case. It will be interesting to consider correlation functions of other light 
operators or even all the heavy string states in the future. 
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